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Analysis of Interaction between Elliptical Inclusions in a Shear Stress Field
(Numerical Solution of the Singular Integral Equation of the Body Force Method)

Nao-Aki NODA and Tadatoshi MATSUO

This paper deals with numerical solutions of singular integral equations of the body force
method in interaction problems of elliptical holes and elliptical inclusions in a shear stress field. The
problems are formulated as a system of singular integral equations with Cauchy-type or logarithmic-
type singularities, where the densities of body forces distributed in the x-and y-directions of infinite
plates having the same elastic constants of the matrix and of the inclusions are unknown functions.
In order to satisfy the boundary conditions along the inclusions, eight kinds of fundamental density
functions proposed in our previous paper are used ; then the body force densities are approximated
by a linear combination of the fundamental density functions and polynomials. The accuracy of the
present analysis is verified by comparison with the results obtained by the previous research. The
present method is found to give rapidly converging numerical results for stress distribution along the
boundaries of both the matrix and the inclusions.

Key Words: Elasticity, Body Force Method, Numerical Analysis, Singular Integral Equation,
Stress Concentration, Inclusion
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= —15,(cos? 8,—sin® 8,)
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M2 % dn £ 2 ¥AWMGHBEO - >ORHAILOERICHR- T
”z::l(anInM‘*”bnM]nM‘i‘CnM nm + dnmLnm EHOIEY (a/b=1, a/d=09, ==1)
+ anIInI + bnl]nl + Cannl + dnanI)
=—200+vm)ry/En 6(deg.)| M oL % Tt
M2 16| -4,5587 -2, 43, -
Zl(anMMnM + bnMNnM + CnMOnM + anPnM 24 ~-4.5626 1.%:}8'6 ?.3:38-6
n= 40 32| -4.5627  6.9x10°° -9,1x10°°
+ @Mt + bniNos + CniOni + dniPat) 40| -4.5627  2.2x107% -5 ,7x10°%
( ) ) a2) 48| -4.5627  4.9x1077 -1.7x10~7
:-—2 1+V T“xE ........................ 12
A W )” (Z’) ":0 ; ;g -2.7643  1.0x102  2.7x107
=—(1/2)¢ cos? 6, tan -2.7675  3.9x10"°  2.0x10"
nM ] n o 80 32 -2.7676 —1.0x10'z 1.2x1oj
x . 40 | -2.7676 -2.9x10"  5.6x10
+£ K3, 0)t(p)b sin pdg +-»-+-- (13) 48| 2.7576  7.6x107 -1.8x10°
B . . 16| -1.6283 -1.5x10 -3,1x10-?
% 1 HAMEIEO - >OFHALOBERCH - R 20| 16272 -9 6x10-S —3.2:13-5
DI (a/b=1, a/d=09, 15=1) 90 32 -1.6272  -1.4x10"°  1,9x10°°
BRI ( i 40| -1.6272 -3.9x10°®  8.9x10°¢
48| -1.6272 -1.5x10°%  4.2x10°¢
P p P o
6 (deg.)| M x2 y3 x4 A ;2 1.5923  -1.8¢10%  1.7x107
" " 1.5958  -1.7x10 4.4x10"
16| 20.237 6.8704 -16.442 -2.2282 120 P 15930 86810 -3, 3105
26 | 20.424 6.8917 -16.640 -2.2504 a2 .6 p
- 575578 1.5953  1.9x10~% —9.2x10
0 32| 20.551 6.9005 -16.715 -2.25 48 g e " =
a0 | 20.578 6.9060 -16.767 -2.2618 . -1.4x107  8.3x10
. . -16.768 -2.2618
48 | 20.579 6.9060 -16.76 16 48704 6.1x10% 37,107
3} N 4.8842  1.9x10"* -6.6x10
16| 12.278  5.4709 -9.0666 -0.7843 159.6 | 32 [ 4.8863 -8.2x10°  1.3x10°
24 | 12.299 5.4763 -9.0822 -0.7917 5 -
. - 40 4.8858 -2,9x1077  -1.3x10
20 32 | 12.303 5.4755 -9.0857 -0.7909 a8 2 88 2 %
40 [ 12.303 5.4755 -9.0856 -0.7909 8859 1.3x107 1.0x10
48 | 12.303 5.4755 -9.0855 -0.7909 ;_2 28791 5.6007 4,610
B 4.8828  1.5x10™ -5.3x10
16 | 6.4491 41311 -3.4638 0.4421 150 % 48853 2.5x10° 3 3a10-5
26 | 6.4526 4.1375 -3.4631 0.4380 S .
40 4.8847 -4.8x107 -2.2x10
40 32 | 6.4523 4.1373 -3.4626 0.4382 a8 o588 3 - -
a0 | 6.4524 4.1372 -3.4626 0.4383 . -5x10 ~ -2.9x10
48 | 6.4524 4.1372 -3.4627 0.4384
16 | 4.6950 3.6975 -1.6307 0.6619 £ 3 BAGSHEZORENME (a/b=1, 5=1)
28 | 4.6900 3.7048 -1.6220 0.6627
60 32| 4.6901 3.70517 -1.6220 0.6624
40 | 4.6902 3.7051 -1.6221 0.6624
48 4,6902 13,7050 -1.6221 0.6625 Present analysis Bafrett
9]
16 | 4.2366 3.6276 -1.1002 0.6078
24 | 4.2289 3.6361 -1.0884 0.6114 a/d | o(deg.) Ot max Oy max
80 32| 4.2290 3.6356 -1.0890 0.6116
40 | 4.2289 3.6357 -1.0891 0.6116 0 135 4.0000 4,00
48 | 4.2289 3.6357 -1.0891 0.6116 0.1 135.0  4.0213
176 135.2  4.0607 4.06
16 | 4.1768 3.5675 -1.0608 0.6038 0.2 135.3  4.0883 4.08
24 | 4.1851 3.6313 -1.0387 0.6001 1/4 135.6  4.1394 4.13
90 32 | 4.1852 3.6332 -1.0364 0.5999 0.3 136.0 4.2014 4.20
40 | 4.1852 3.6329 -1.0359  0.5999 1/3 136.5  4.2485 4.25
48 | 4.1852 3.6327 -1.0359  0.5999 0.4 137.5  4.3549 4.35
8'2 140.0 4.5419 4.51
. 143.9  4.7615 4.78
_ 2/3 147.3  4.9292 5.00
0.7 149.2  5.0189 5.08
0.8 154.9  5.2476 5.55
7\ b 0.82 | 156.0 5.2605 | 5.76
0.84 157.0  5.2466 5.92
D 0.86 158.0  5.1923 6.11
l T T 0.88 | 158.9 5.0795 6.38
. 0.9 159.6  4.8859 6.50
— — 0.92 160.0 4.5804 6.61
a/d=0.9
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F 4 BRENEZOFRENE
a/d 0 1/3 2/3 3
b/a | (deg.) Kyg (deg.) K (deg.) Ky (deg.) K l m b T
1 | 135.0 4.000 | 136.4 4.248 | 140.0 4.542 | 147.3 4.929 U/ i
2 116.6 4.500 | 119.7 4.665 | 125.6 4.397 138.7 3.831 l d [a
4 104.0 6.250 107.6 5.413 111.¢ 4,150 111.8 3.166 «— —
8 97.1 10.125| 100.3 6.173 | 101.4 4.837 101.9 4.195
F£ 5 BRI LRABBONGRYE (a/b=1, a/d=1/3, =1, E/Ex=05, v;=vy=0.3)
(a) (b) NEM
8(deg.) | M | Pyom  Pyam Puam  PyiM B(deg.)| M| Pxa1 P31 Pxal Pyil
4 0.7180 -0.7373 -0.0066 -0.0001 4 1.2053 -1.1557 0.0086 -0.0683
0 8 0.7180 -0.7373 -0.0066 -0.0005 0 8 1.2047 -1.1553 0.0085 -0.0669
12 0.7180 -0.7373 -0.0066 -0.0005 12 1.2047 -1.1553 0.0085 -0.0669
4 0.7154 -0.7358 -0.0066 0.0040 4 1.2125 -1.1583 0.0105 -0.0824
20 8 0.7155 -0.7354 -0.0076 0.0039 20 8 1.2123 -1.1581 0.0101 -0.0821
12 0.7155 -0.7354 -0.0076 0.0039 B 12 1.2123 -1.1581 0.0101 -0.0821
4 0.7141 -0.7351 -0.0065 0.0062 4 1.2164 -1.1595 0.0116 -0.0898
40 8 0.7140 -0.7343 -0.0082 0.0067 40 8 1.2169 -1.1598 0.0110 -0.0913
12 0.7140 -0.7343 -0.0082 0.0067 12 1.2169 -1.1598 0.0110 -0.0913
4 0.7145 -0.7353 -0.0065 0.0054 4 1.2150 -1.1590 0.0112 -0.0872
60 8 0.7145 -0.7347 -0.0080 0.0057 60 8 1.2153 -1.1592 0.0107 -0.0880
12 0.7145 -0.7347 -0.0080 0.0057 12 1.2153 -1.1592 0.0107 -0.0880
4 0.7166 -0.7365 -0.0066 0.0021 4 1.20917 -1.1570 0.0097 -0.0758
80 8 0.7167 -0.7363 -0.0071 0.0017 80 8 1.2087 -1.1567 0.0093 -0.0747
12 { 0.7167 -0.7363 -0.0071 0.0017 12 | 1.2087 -1.1567 0.0093 -0.0747
4 0.7179 -0.7373 -0.0066 0.0000 4 1.2053 -1.1557 0.0087 -0.0683
90 8 0.7180 -0.7373 -0.0066 -0.0005 90 8 1.2047 -1.1553 0.0085 -0.0669
12 0.7180 -0.7373 -0.0066 -0.0005 12 1.2047 -1,1553 0.0085 -0.0669
# 6 BRI RICHONEY (a/b=1, a/d=1/3, £ 7 BRAKEOHEE (a/b=1, ald=1/3,
=1, EI/EM=0.5, VIZUM20.3) =1, EI/EM=0.5, V1=VM=0.3)
8(deg.)| M %M %1 %M %nl Tnth Yol 8(deg.) | M| 9w %1 ToemTner  UnVp Vi
. 4 | -0.0385 -0.0202 -0.0055 -0.002  0.7258 0.7264 4| 7.7x007% 9.2x107 -1.0x107 -1.8x107
8 [ -0.0388 -0.0206 -0.0057 -0.0057 0.7257 0.7 - 1 29 2x107 -1.9x10"
12 | -0.0388 -0.0206 -0,0057 -0.0057 0.7257 0.7257 LS s e e T o
4] -1.7520 -0.7271 0.6962 0.6954 0.1244 0.1243 . ) = i
40 8 | -1.7514 -0.7265 0.6964 0.6964 0.1245 0.1245 4 2-1’(10_:, -7.9x10_ . 4.3x10_ 4.5x107
12 | -1.7514 -0.7265 0.6964 0.6964 0.1245 0.1245 80 8 | -9.6x10 3.2x10 1 -1.1x10_ -1.4x10"
12 | -4.0x107" 1.2x107" -3.0x107'° -4, 4x10"
4 | -0.6152 -0.2563 0.2381 0.2378 -0.6864 -0.6863
80 8 | -0.6148 -0.2564 0.2382 0.2382 -0.6865 -0.6865 4| 2.8x10™ -1.5x10™" 5.8x10* 7.5x10°°
12 | -0.6148 -0.2564 0.2382 0.2382 -0.6865 -0.6865 90 8 | 5 7407 2.7x107" -6.3x10-" -1 oxi10”!
y -0 5 -0 2" -10 -10
s | 02505 01080 o.0m3¢ 0.0m%2 0.7228 0,727 12| 8.2x1077-3.6x107" 6.2x107"% 1.1x10
86 8 | -0.2542 -0.1079 0.0896 0.0896 -0.7229 -u.722 - y .
12 | -0.2562 -0.1079 0.0896 0.0896 -0.7229 -0.7229 4| 2.1x107 -1.5¢107  4.6x107  6.9x107%
100 8 | -1.0x10®  6.4x10° -1,1x107 -2.2x10
4 | -0.0073 -0.0064 -0.0125 -0.0127 -0.7295 -0.7293 12 | -4.2x107"° 2.5x107'° -3,2x107'° -6, 7x10°"
90 8 | -0.0070 -0.0061 -0.0123 -0.0123 -0.7296 -0.7296
12 | -0.0070 -0.0061 -0.0123 -0.0123 -0.7296 -0,7296 o | -1.8x107 423107 -7.2x107 -1.3x107
134.2| 8| -3.9x107 8.3x107 -7.8x1077 -1.8x10"7
4| 0.2399 0.0952 -0.1143 -0.1145 -0.7219 -0.7217 . - 9 . -
94 8| 0.2801 0.0956 -0.1142 -0.1142 -0.7221 -0.7221 12 | -5.8x107" 1.2x10™ -7.5x10""" -1, 9x107"°
12 | 0.2401 0.0956 -0.1142 -0.1142 -0.7221 -0.7221 ~ - - -
4 | -1.3x107 4.3x10™ -7.0x107 -1.3x10
4 0.5998 0.2430 -0.2625 -0.2627 -0.6842 -0.6840 140 8 | -2.5x107  7.0x1077 -6.2x107 -1,5x10~"
100 8 | 0.5998 0.2436 -0.2625 -0.2625 -0.6843 -0.6843 12 | -2.4x107"° 6.5x10°'° -4,0x107'® -1,0x10-'°
12 | 0.5998 0.2436 -0.2625 -0.2625 -0.6843 -0.6843
4| 1.7539  0.7184 -0.7394 -0.7392 -0.0148 -0.0153
134.2| 8| 1.7537 0.7184 -0.7394 -0.7394 -0.0146 -0.0146
12| 1.7537  0.7184 -0.7394 -0.7394 -0.0146 -0.0146
4 1.7236  0.7063 -0.7275 -0.7274 0.1322 0.1318 3 3
140 8| 1.7237 0.7060 -0.7274 -0.7274 0.1325 0.1325 3. MITRERE L UER
12| 1.7237 0.7060 -0.7274 -0.7274 0.1325 0.1325
4| -0.0323 -0.0176 -0.0080 -0.0077 0.7258 0.7264 3.1 #BMRBPOZ->NIHEIL B AMIGTHIC
180 8 | -0.0326 -0.0181 -0.0082 -0.0082 0.7257 0.7257 .
12 | -0.0326 -0.0181 -0.0082 -0.0082 0.7257 0.7257 BIFZEBKETOZ>OXHALOFHBREIIB W,

RS a/b=1, a/d=0.9, t5=1 DHE, HILEI
W o 7o RHABEED 0122, 0v3, Oz, P DINFRFL % F 1
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2772 R AMGIIBCBY 3 EABAENO TSRO
= 8 EBESTOLABNENORKNICH & 2 ORENME (15=1, vi=vn=03)
Matrix Inclusion
a/d 0 1/3 1/2 2/3 0 1/3 1/2 2/3
Er/Ey[ a/b|(deg.) Omax (deg.) %nax (deg.) pax (deg.) %max | (deg.) Omax (deg.) Inax  (deg.) Cmax (dea.) %max
1 [135.0 4,000 136.4 4.248 140.0 4.542 147.3 4.929 0.000 0.000 0.000 0.000
0.0 | 1/2|116.6 4.500 119.7 4.665 125.6 4.397 138.7 3.831 0.000 0.000 0.000 0.000
1/4[104.0 6.250 107.6 5.413 110.0 4.150 111.8 3.166 0.000 0.000 0.000 0.000
1/8 | 97.1 10,125 100.3 6.173 101.4 4.937 101.9 4.195 0.000 0.000 0.000 0.000
1 |135.0 2.765 134.4 2.655 133.6 2.583 133.0 2.548| 0~180 0.412 45,0 0.391 45.0 0.372 45.0 0.351
0.2 | 1/2[116.6 3.381 115.5 3,188 115.0 3.162 114.9 3.184 | 0+180 0.597 129.4 0.552 137.3 0.538 140.6 0.537
1/4|108.0 3.702 103.5 3.574 103.5 3.294 103.6 3,580 | 0~180 0.752 129.1 0.707 128.6 0.712 128.3 0.718
1/8| 97.1 4.269 96.9 4.226 96.0 4.298 96.0 4.325| 0~180 0.859 134.9 0.844 133.6 0.864 132.8 0.884
1 ]135.0 1.789 134.7 1.754 134.2 1.729 133.9 1.715{ 0~180 0.417 45.0 0.719 45.3 0.706 125.1 0.695
0.5 | 1/2]116.6 1.972 116.3 1.925 116.1 1.923 116.0 1.939 | 0180 0.859 129.7 0.833 138.2 0.829 142.0 0.834
174 1104.0 2.067 103.8 2.044 103.8 2.041 103.9 2.093| 0~180 0.933 126.1 0.925 124.6 0.929 122.0 0.945
1/8| 97.1 2.104  97.1 2.079 97.1 2.099 97.1 2.116] 0~180 0.969 133.0 0.973 132.8 0.986 132.5 0.987
1 135.0 1.246 134.8 1.237 134.7 1.230 134.6 1.227| 0~180 0.918 45.0 0.911 45.0 0.906 126.0 0.902
0.8 | 1/2[116.6 1.29a4 116.2 1.284 116.5 1.285 116.5 1.288 | 0~180 0.961 130.5 1.953 138.5 0.952 142.9 0.956
1/4[104.0 1.317 103.9 1.309 104.0 1.315 104.0 1.324 | 0180 0.985 140.9 0.980 142.1 0.984 144.5 0,987
1/8] 97.1 1.325 97.1 1.279 97.1 1.284 97.1 1.291| 0~180 0.993 132.8 0.994 132.8 0.997 132.7 0.998
1 74.4 1,118 74,4 1.130 74.4 1.130 74.3 1.137| 0~180 1.077 45.0 1.090 450 1,111 45.0 1.147
1.25| 1/2 93.8 1.075 93.5 1.085 92.9 1,089 92.3 1,091 | 0180 1.075 45.0 1.044 45.0 1.053 45.0 1.062 —_— _—
1/4 [111.5 1.056 111.3 1,060 110.5 1.037 109.4 1.053 | 0~180 1.010 45,0 1,028 45.0 1.035 45.0 1.039
1/8 {122.8 1.049 120.1 1.044 123.5 1,048 122.1 1.045| 0~180 1.002 45,0 1.017 45,0 1.017 45.0 1.016 1 T
1 73.3 1.343  73.3 1.364 73.3 1.383 73.3 1.403| 0n180 1.2)7 450 1.259 45,0 1.331 45.0 1.279 b
2.0 | 12| 92.9 1.229 92.9 1.257 92.5 1.268 91.5 1.272| 0~180 1.083 45,0 1.118 45,0 1.145 450 1.172
1/ [111.3 1,191 111.2 1,201 110.8 1.119 109.8 1.174 | 0~180 1.019 45.0 1.072 45,0 1.096 45.0 1,105
1/8 [122.7 1.195 120.1 1.181 122.6 1.170 123.0 1.169 | 0~180 1.008 45,0 1.043 45.0 1.041 45.0 1.034 @
1 71.9 1.657 72.0 1.700 72.1 1.740 72.3 1.785| 0v180 1.400 45.0 1.490 45,0 1.553 45.0 1.966 1 d |a T
5.0 | 1/2( 92.2 1.474 92,0 1.530 91.9 1.553 91.5 1,557 | 0~180 1.135 45.0 1,199 45.0 1.249 45.0 1.298 )
1/4 [110.7 1.485 110.6 1.498 110.2 1.457 109.4 1.428 | 0n180 1.090 45,0 1.116 45.0 1.162 45.0 1.178
178 |122.3 1.621 122.2 1.541 122.1 1.522 121.9 1.513 | 0~180 1.017 45,0 1,070 45.0 1.056 45.0 1.035 -~ L
1 70.7 1.940 70.8 2.007 71.0 2.070 70.4 1.904 [ 0~180 1.555 72.0 1.618 72.0 1.773 70.8 1.525
o | 12| 90.1 1.740 89.4 1.706 89.4 1.704 89.4 1.703 | 0~180 1.117 450 1,254 45,0 1.357 45.0 1.101
1/4 |109.1 1.945 108.3 1.886 108.4 1.880 108.4 2.188 | 0~180 1.010 45.0 1,116 45.0 1.263 45.0 1.117
1/8 [121.5 2.659 121.5 2.535 121.5 2,534 120.5 2,519 | 0~180 1.001 45.0 1.013 45.0 1.068 45.0 1.129
CERY. R4 EEE3 4 BEOEREERE A
WA ERIESB M=40BETEIHRFS T
>
EEETIELTWS, 20X ERIFRPCRNEE
R L b o, BHEMNTH 3 EEMER (10 OF
> 2 S >
BRIE DI GEPTETRZ D EEIONS, »
8x
N, - A [, > — —_ — +
Wiz, e B8 alb=1, a/d=09, 5 =1DHFH, >
E
o

MFLEEIZ B BIEST 0, On, e DBAEER 2T,
KRR TR, BRETETH D RE 0y, 0 D
2, BAELECBW T M=4BETI0*UTTH
D, BVERREOHEELE»D SNz, k2, o
D, M=32 TERHF 4 F-DCRL T3,

Wiz, alb=1, t5=1DHBE, ald EELS ¥ L
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EHEBTHSE. R4 Tha=2DLEcHEETSZ LM
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x5 EABUTETVLBbDEEZ SRS,

Wiz, AR afb=1, a/d=1/3, 5 =1, E//En
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HEERIZ, M=8BETEWRFELS V- BE: CIH
LTWTREFRPCRER R T, & 512, BREME (0w
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BERETETHDLRE, o— 0o ZOHEIIIER AT
M=8BETLI ' BETCHVEVERLEOHE
EHFEND ST,
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BARICHDOEE EFOREMEEZR 8 WY, BRAGH
DIER, BHHF 4 TRBEE TPORL TV T, afb
BL U a/d OB TEBINENERTHZ Z L8
bhotz, 12, M2, a/d=05DFE&%E 7y b
L72bDTH 5,

4. #& B

AR T, FRAEOBARSAERZFIAL T,
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TR B 3702 EOTHEE BE T T 5 Hik
2RU, BARREEE LT, EBKRFTO->07H
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BAHERDOBIERRNTIC AR CIRE L7, RAEK
% 3 EEOREAEEEM L SEHADOK THMT 2 i
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WCiot, BITEROREE L, FIRO3IRISH 22D
LNEYOMBEERBETHY, 0L RERFE
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